Abstract: In this paper we study the thermodynamics and state space geometry of regular black hole solutions such as Bardeen black hole[1], Ayón-Beato and García black hole[2], Hayward black hole [3] and Berej-Matyjasek-Trynieki-Wornowicz black hole [4] . We find that all these black holes show second order thermodynamic phase transitions(SOTPT) by observing discontinuities in heat capacity-entropy graphs as well as the cusp type double point in free energy-temperature graph. Using the formulation of geometrothermodynamics we again find the singularities in the heat capacity of the black holes by calculating the curvature scalar of the Legendre invariant metric.
Introduction
The realization of the fact that, the four laws of black hole mechanics are identical to the four laws of thermodynamics span the platform of black hole thermodynamics. In thermodynamic studies we are mainly interested in the response of certain thermal quantities of the system towards change of temperature. If there exists any abnormal behavior in these quantities, it requires a detailed study. If we observe a discontinuity in heat capacity as the temperature of the system is varied, it is considered that the system has undergone a phase transition. It is found that the ordinary black holes show second order thermal phase transitions. Most of these black holes are thermodynamically unstable for certain ranges of temperature.
One of the major problems of general theory of relativity is that the theory possesses singular solutions. A black hole is usually identified as a space time having singularity at the origin enclosed by event horizon. Hence, black hole solutions are the best examples showing singular behavior in general theory of relativity. But in 1968, Bardeen [1] obtained a black hole solution without any singularity at the origin possessing an event horizon. Later many have obtained similar solutions [2, 5, 6] . The coupling of non-linear electromagnetic theory to general relativity has brought to new sets of charged black holes. Certain black holes came in the range of regular black hole solutions as well. In 1999, Ayon Beta and Garzia [2] found such a black hole solution. Later in 2006, Berej et. al. [4] as well as Hayward [3] found different kinds of such black hole solutions. These black holes are in general called 'regular' or 'non singular' black holes.
Various aspects of regular black holes like geodesic motions of test particles around regular black holes [8] , gravitational lensing [9] , gravitational and electromagnetic stability [10, 11] , thermodynamics of regular black holes [12] were studied earlier. We here study the thermodynamic behavior of regular black hole. Looking at the thermodynamic stability of these black holes, we observe that all of these black holes exhibit second order thermodynamic phase transitions. But in the case of ordinary black holes this is not always observed. In the case of Schwarzschild black hole, the heat capacity is found to be negative [28, 29] . It readily implies that the thermal emissions from the black holes will definitely grow in an uncontrolled manner and that black hole will end up in an unstable thermodynamic state. In the case of Reissener-Nordstrom black hole, it has got both positive and negative heat capacities. In this case the extra parameter , the charge, drives this black hole from an unstable state to stable state via a second order thermodynamic phase transition.
Hermann [13] and Mrugala [14] introduced a geometric approach to study thermodynamics. Weinhold [15] introduced another method with a metric which has been widely used to study the physical properties of various thermodynamic systems and the associated Riemannian structure. Later Ruppeiner [16] introduced a metric which is conformally equivalent to Weinhold's metric. But these two methods entirely depend on the choice of thermodynamic potentials.
Geometrothermodynamics(GTD) [17] [18] [19] is the latest attempt in this direction. In this approach the metric is built up from a Legendre invariant thermodynamic potential and from its first and second order partial derivatives with respect to the extensive variables. The earlier studies show that the thermodynamic stability of systems depend on the potential we have chosen. This contradiction can be removed by using new Legendre invariant metric as introduced in the GTD. Above all, GTD has a unique feature in identifying the second order phase transition point [20, 21] , among the geometric methods we have described above. In this method the phase transition can be described in terms of curvature singularities. Phase transitions shown by black holes are the main thermodynamical attraction in the present study. And such phase transitions can be well studied with the behaviour of free energy of the black hole. Here we are looking for a correct geometric explanation of phase transitions given by these black holes.
The present work is organized as follows. In section 2, we review the thermodynamics of regular black holes such as Bardeen black hole,Ayón-Beato and García black hole, Hayward black hole and Berej-Matyjasek-Trynieki-Wornowicz black hole. In section 3, we analyse the Geometrothermodynamics of these regular black holes. Final section is devoted for conclusion. 
Thermodynamics of regular black holes
Bardeen black hole.
The possibility of the existence of regular solutions of Einstein equation is very much restricted because of various singularity theorems which apply both to the cosmology and gravitational collapses. It becomes interesting to see that event horizons could be formed without a singularity at the origin. Singularity of black hole is an acknowledged difficulty in general relativity. At the singular point, the curvature will be divergent, so it means all the physics laws fail at the point. The first successful attempt in this direction was made by Bardeen [1] 
where 2) and this function is well defined everywhere for r ≥ 0. The value of M q can be chosen that f (r) is always positive and it has two zeros. The graph (Fig1), f (r) vs r reveals this fact. Using the area law(S = 4πr 2 ) we can write the mass in terms of the entropy S and the q as 
Temperature of the black hole is given by the relation, T = ∂M ∂S as, Fig (2) shows a smooth variation of temperature with respect to entropy, which excludes the chance of first order phase transition. We will now calculate the heat capacity, C = T ∂S ∂T , of the black hole and is given by
Then the Gibb's free energy, 
Now we study whether this black hole will undergo a second order phase transition or not. This can be done in two ways. The first method is by studying the variation of the heat capacity with entropy and we can see a discontinuity in heat capacity(Fig3) for a particular value of entropy( S = 4.1, q = 0.5). And we also note that heat capacity possesses a positive phase below this value of S and a negative phase above this value of S. The second method is by studying the variation of free energy(F) with temperature(T).
A second order phase transition is obvious for two reasons. First, of course the heat capacity shows an infinite discontinuity (at S = 4.1, where q = 0.5) and possesses both positive and negative phases. The positive phase exists for small values of S and the black hole is stable only in this region. The same result can also be seen from the parametric plot between the free energy and the temperature (Fig4) which shows a cusp type double point (at T = 0.046, where S = 4.1 and q = 0.5). The F -T variation shows that there are two branches of the curve, for one of the branches, the free energy decreases with the increase of Hawking temperature to the minimum limit, while for the other branch F increases rapidly with T. This behavior also signals a second order phase transition. (The numerical values are obtained from the corresponding graphs.)
Ayón-Beato and García black hole
Ayón-Beato and García (ABG) proposed a model of non-linear electrodynamics coupled to Einstein's gravity to obtain a regular black hole as an exact solution [2] . They proved that the Bardeen black hole was an exact solution in a model of space-time with nonlinear electrodynamics. It is also remarkable that all the nonlinear electrodynamics satisfy the zeroth and first laws of black hole mechanics [23] . Regular black hole solutions can be identified as exact solutions to a model of nonlinear electrodynamics coupled to Einstein gravity [24] [25] [26] [27] . The ABG solution is interpreted as a magnetically charged solution(it can be interpreted as the solution for a nonlinear magnetic monopole with mass M and charge q), that the corresponding potential V is taken in terms of the variation of the electric charge. The metric of ABG black hole is,
where
By plotting f (r) with respect to r, we can find the zeros of f (r) and there by having information about event horizons. Proceeding as above, we can write the mass function as Temperature can be written as 10) and finally the heat capacity will be
The free energy also can be found out and is given by,
In the case of Ayón-Beato and García black hole, we have derived all the thermodynamic parameters, especially temperature, mass, free energy and heat capacity. Here also we find that the temperature-entropy plot (Fig(5) ), eliminates the chance of a first order phase transition, whereas the heat capacity-entropy plot (Fig(6) ) shows a phase transition (at S = 3.46, where q = 0.5). And the similar cusp obtained in the free energy-temperature parametric plot (at T = 0.066, where S = 3.46 and q = 0.5 ), (Fig(7) ) confirms that ABG black hole also exhibits a second order phase transition as shown by the regular black holes considered in this study.
Hayward black hole.
Hayward [3] 
, (2.14)
Here β 2 = M l 2 . The metric function of this black hole at large r behaves as,
, and at small r,
Thus this particular black hole solution has well-defined asymptotic limits, namely it is Schwarzschild for r → ∞ and de Sitter for r → 0. Mass of this Hayward black hole is given by(taking area law into account),
Now the temperature is given by,
. The important observation here is that the temperature becomes negative below a certain value of S and diverges. From the expression of temperature it is obvious that it becomes singular at S = πl 2 . The numerator of expression for temperature contains a factor (S − 3πl 2 ), which implies that T will be negative for S < 3πl 2 . So at a first look it appears as a first order phase transition, but unfortunately it lies in the region which lacks any physical importance(negative temperature). Temperature is zero at S = 3πl 2 and positive for S > 3πl 2 . So this suggests a mass limit for Hayward black hole formation, and hence a minimum mass M , corresponding to minimum value of S = 3πl 2 . Thus the minimum value of mass required for the formation of Hayward black hole is given by . Now we look at the heat capacity of Hayward black hole,
17)
. From this figure we can see that the temperature diverges is at the value of S = 3.14.
On the other hand, the heat capacity undergoes the usual second order phase transition for large values of S. In the negative temperature region, the heat capacity shows a sinusoidal like variation. It is quite interesting to see that there is no singularity for heat capacity where the temperature has one. Heat capacity shows two kinds of behaviors. For lower values of S (where the temperature shows a FOTPT), the behavior is plotted in Fig(9) , and in the large S values it shows SOTPT, as shown in Fig(10) , and the second order phase transition occurs at a value of S = 20.28 and the corresponding temperature is T = 0.0234. Now we further confirm the second order phase transition with the help of free energy, The free energy-temperature plot is given in fig.8 and the cusp like double point occur for the same value of temperature T = 0.0234, where the heat capacity diverges.
Berej-Matyjasek-Trynieki-Wornowicz black hole
BMTW black hole is yet another kind of regular black hole solution [4] , where the first order correction of the perturbative solution of the coupled equations of the quadratic gravity and nonlinear electrodynamics is constructed, with the zeroth order corrections coinciding with the ones given by the Ayon-Beato and Garzia black hole. The solution is parametrized by two integration constants and depends on two free parameters. Using the boundary conditions the integration constants are connected to the charge and the total mass of the system, whereas the free parameters are tuned to make the resultant line element regular at the center [4] . The metric of BMTW black hole is, 19) where
Here also β = M l 2 , and l is the cosmological constant related term.
Mass of BMTW black hole can be written as a function of S(using the area law) and l as, and the temperature of BMTW black hole
-10 - Now we will look at the heat capacity of BMTW black hole, 23) and the free energy is given by Variation of temperature with entropy of BMTW black hole is plotted in Fig(12) . There is no discontinuity in the temperature-entropy plot and thus we discard the chance of FOTPT. And a critical size of BMTW black hole can be obtained from the T = 0 point at which the value of entropy is S = 1.928. This is the minimum possible entropy(in turn a minimum possible horizon radius) for a BMTW black hole to form. Thus the unphysical regime of temperature, that is for the values S < 1.928, is being reflected in the heat capacity (Fig(13) ), for the lower values of S, heat capacity also goes through zero, from negative to positive, without a discontinuity. For large values of S, we could easily identify the SOTPT. The heat capacity here showing a SOTPT, at a particular value of S = 4.855 (Fig(14) ), and the same value of T = 0.046 can also be obtained from the cusp like double point in the free energy-temperature plot (Fig(15) ).
Geometrothermodynamics
Now we will investigate the thermodynamic properties of regular black holes using the concepts of Geometrothermodynamics (GTD) [17] [18] [19] In order to describe a thermodynamic system with n degrees of freedom, the first step is to think of a thermodynamic phase space which is defined mathematically as a Riemannian contact manifold(T , Θ, G), where T is a 2n + 1 dimensional manifold, Θ defines a contact structure on T and G is a Legendre invariant metric on T . The pair (T , Θ) is called a contact manifold [13] only if T is differentiable and Θ satisfies the condition Θ∧(dΘ) n = 0, which actually preserves the essential Legendre invariance while making the conformal transformations. The space of equilibrium states is an n dimensional manifold (E, g), where E ⊂ T is defined by a smooth mapping φ : E → T such that the pullback φ * (Θ) = 0, and a Riemannian structure g is induced naturally in the E by means of g = φ (G) . It is then expected in GTD that the physical properties of a thermodynamic system in a state of equilibrium can be described in terms of the geometric properties of the corresponding space of equilibrium states E. The smooth mapping can be read in terms of coordinates as, φ : (E a ) → (Φ, E a , I a ) with Φ representing the thermodynamic potential, E a and I a representing the extensive and intensive thermodynamic variables respectively. If the condition φ * (Θ) = 0 is satisfied, we can find,
The first one of these equations corresponds to the first law of thermodynamics, whereas the second one is usually known as the condition for thermodynamic equilibrium [22] . Legendre invariance guarantees that the geometric properties of G do not depend on the thermodynamic potential used in its construction. Quevedo [17] introduced the idea and constructed a general form for the Legendre invariant metric. The general choice of GTD metric is as follows
The thermodynamic geometry of a black hole is still a most fascinating subject and there are many unresolved issues in black hole thermodynamics. Using this method we could solve for phase transition shown by the system. The earlier studies show that the thermodynamic stability of systems depend on the potential we have chosen. This contradiction has been removed by using new Legendre invariant metric introduced in the GTD. In this paper we describe the phase transition in terms of curvature singularities.
Bardeen black hole
We have M as M (S, q). Thus using (3.2) we could write the GTD metric as
The curvature scalar gets the form
where f (S, q) is a complicated expression with less physical interest. We have found the curvature and plotted it (Fig16). We can see that R shows a singular behavior for the values of S = 4.1 and q = 0.5. From our earlier study we can see that, the values of S and q coincide with the values of S and q for which the heat capacity becomes divergent. Now we can say that a singularity in specific heat corresponds to a singularity in scalar curvature for the same value of entropy.
ABG black hole
Now we analyze the state space geometry of this black hole. We could find the GTD metric in the same manner as is done for other regular black holes. We have M as M (S, q), thus we could write the GTD metric as
where , and
. And the curvature scalar of GTD metric of ABG black hole is, we obtain
+ 20q 6 π 3 s + q 4 π(15π − 4s)s 2 + q 2 (2π − s)s 3 − s 4 ) 2 (6q 6 π 4 + 15q 4 π 3 s + q 2 π(12π − s)s 2 + s 3 (3.6) We plot the curvature scalar-entropy graph (Fig(17) ) and find that the singularity matches with that of heat capacity (at S = 3.46, where q = 0.5).
Hayward black hole
No we will look at the GTD of Hayward black hole. The GTD metric can be derived from M (S, l); From Fig(18 )the curvature scalar becomes singular at S = 20.28. We saw earlier that the heat capacity showed an infinite discontinuity for the same value of S. behaviour, but unfortunately it is in the unphysical regime of temperature, where temperature is negative. We have established existence of second order phase transitions in all these regular black holes in two ways. Both heat capacity-entropy plot and the parametric plot between free energy and temperature (a cusp like double point in F − T graph), ensure the existence of singularity. We further studied the Legendre invariant metric of these regular black holes. The particular thermodynamic metrics delivered by GTD also describe the thermodynamic behavior of the corresponding black hole configurations. Scalar curvature related to the thermodynamic metric is non-zero and its singularities reproduce the phase transition structure as in thermodynamic studies. Thus the differential geometric formalism, whose objective is to describe the thermodynamic behaviour of physical systems in an invariant manner, could explain the thermodynamics of regular black holes.
